Abstract. In this paper, we obtain energy, Laplacian energy and signless Laplacian energy of the commuting graphs of some families of finite non-abelian groups.
Introduction
Let A(G) and D(G) denote the adjacency matrix and degree matrix of a graph G respectively. Then the Laplacian matrix and signless Laplacian matrix of G are given by L(G) = D(G) − A(G) and Q(G) = D(G) + A(G) respectively. We write Spec(G), L-Spec(G) and Q-Spec(G) to denote the spectrum, Laplacian spectrum and Signless Laplacian spectrum of G. Also, Spec(G) = {α . . , α n are the eigenvalues of A(G) with multiplicities a 1 , a 2 , . . . , a l ; β 1 , β 2 , . . . , β m are the eigenvalues of L(G) with multiplicities b 1 , b 2 , . . . , b m and γ 1 , γ 2 , . . . , γ n are the eigenvalues of Q(G) with multiplicities c 1 , c 2 , . . . , c n respectively. Harary and Schwenk [17] introduced the concept of integral graphs in 1974. A graph G is called integral or L-integral or Q-integral according as Spec(G) or L-Spec(G) or Q-Spec(G) contains only integers. One may conf. [3, 6, 1, 19, 21, 27] for various results of these graphs.
Depending on various spectra of a graph there are various energies called energy, Laplacian energy and signless Laplacian energy denoted by E(G), LE(G) and LE + (G) respectively. These energies are defined as follows: where v(G) and e(G) denotes the set of vertices and edges of G respectively. Let G be a finite non-abelian group with center Z(G). The commuting graph of G, denoted by Γ G , is a simple undirected graph whose vertex set is G \ Z(G), and two distinct vertices x and y are adjacent if and only if xy = yx. Various aspects of commuting graphs of different finite groups can be found in [4, 18, 22, 25] . In [14, 12, 15] , Dutta and Nath have computed various spectra of Γ G for different families of finite groups. A finite non-abelian group is called super integral if Spec(Γ G ), L-Spec(Γ G ) and Q-Spec(Γ G ) contain only integers. Various examples of super integral groups can be found in [15] . The energy, Laplacian energy and signless Laplacian energy of Γ G are called energy, Laplacian energy and signless Laplacian energy of G respectively. In this paper, we compute various energies of G for some families of super integral groups. It may be mentioned here that the Laplacian energy of non-commuting graphs of various finite non-abelian groups are computed in [13] .
Some Computations
In this section, we compute various energies of the commuting graphs of some families of finite non-abelian groups. We begin with some families of groups whose central factors are some well-known groups.
Theorem 2.1. Let G be a finite group and G Z(G) ∼ = Sz(2), where Sz(2) is the Suzuki group presented by a, b :
if |Z(G)| > 4 and
Proof. By [14, Theorem 2], we have
Therefore, by (1.1), we have
Note that for any two integers r, s, we have
Therefore, if |Z(G)| ≤ 4, then by (1.2) we have
If |Z(G)| > 4, then by (1.2) we have
19 .
By [15, Theorem 2.2] we also have
Now, using (2.1) we have
. Hence, if |Z(G)| = 1, then by (1.3) we have
If |Z(G)| > 1, then by (1.3) we have
Theorem 2.2. Let G be a finite group such that
Proof. By [12, Theorem 2.1] we have
By [15, Theorem 2.3] , we also have
As a corollary we have the following result.
Corollary 2.3. Let G be a non-abelian group of order p 3 , for any prime p, then
Proof. Note that |Z(G)| = p and
Hence the result follows from Theorem 2.2.
Theorem 2.4. Let G be a finite group such that 
Proof. By [12, Theorem 2.5], we have
Therefore, by (1.2), we have
Note that for any two integers r, s we have 
If m ≥ 3 and |Z(G)| = 3; or m = 4 and |Z(G)| ≥ 2; or m ≥ 5 then by (1.2) we have
By [15, Theorem 2.5], we also have
Now, using (2.2), we have and
If m = 3 and |Z(G)| = 1, then by (1.3), we have
If m = 3 and |Z(G)| ≥ 2 then, by (1.3), we have
If m = 4 and |Z(G)| ≤ 6 then, by (1.3), we have
If m = 4 and |Z(G)| > 6 then, by (1.3), we have
If m ≥ 5 then, by (1.3), we have
Using Theorem 2.4, we now compute the energy, Laplacian energy and signless Laplacian energy of the commuting graphs of the groups M 2mn , D 2m and Q 4n respectively.
, if m = 3 and n = 1, 2 ;
, if m = 3 and n ≥ 3;
, if m = 3 and n = 1 ;
, if m = 3 and n ≥ 2;
, if m = 6 and n = 1;
, if m = 6 and n ≥ 2;
, if m = 8 and n ≥ 1 ; , if m = 6 and n ≥ 1;
, if m = 8 and n ≤ 3;
, if m = 8 and n > 3 ;
, otherwise . In this section, Now we compute various energies of the commuting graphs of some well-known families of finite non-abelian groups.
Proposition 2.8. Let G be a non-abelian group of order pq, where p and q are primes with p | (q − 1). Then
if p = 2 and q = 3 ,
, otherwise.
Proof. By [14, Lemma 3], we have
Therefore, by (1.1) we have
Note that |v(Γ G )| = pq − 1 and |e(Γ G )| =
By [15, Proposition 2.9], we have , otherwise.
Hence, by (1.2) we have, if p = 2 and q = 3, then
If p = 2 and q = 3, then
Otherwise,
By [15, Proposition 2.9], we also have
, if p = 2 and q = 3 ; . Therefore, by (1.3) we have, if p = 2 and q = 3,
This completes the proof.
Proposition 2.9. Let QD 2 n denote the quasidihedral group a, b : a
Proof. By [14, Proposition 1], we have
.
By [15, Proposition 2.10], we have
. Hence, by (1.2) we have
By [15, Proposition 2.10], we also have
. Therefore, by (1.3) we have
Proposition 2.10. Let G denote the projective special linear group P SL(2, 2 k ), where k ≥ 2. Then 
By [15, Proposition 2.11], we also have
Therefore, by (1.3) we have, if k = 2 then
Proposition 2.11. Let G denote the general linear group GL(2, q), where q = p n > 2 and p is a prime. Then
and
Proof. By [14, Proposition 3], we have
Hence, by (1.2) we have
By [15, Proposition 2.12], we also have
Therefore, 2q
Proposition 2.12. Let F = GF (2 n ), n ≥ 2 and ϑ be the Frobenius automorphism of F , i. e., ϑ(
Proof. By [14, Proposition 4], we have
Note that |v(Γ G )| = 2 n (2 n − 1) and |e(Γ G )| =
By [15, Proposition 2.13], we have 
By [15, Proposition 2.13], we also have
Therefore, 2 n+1 − 2 − 
Proposition 2.13. Let F = GF (p n ) where p is a prime. If G denotes the group
Proof. By [14, Proposition 5], we have
By [15, Proposition 2.14], we have
By [15, Proposition 2.14], we also have
Some consequences
For a finite group G, the set C G (x) = {y ∈ G : xy = yx} is called the centralizer of an element x ∈ G. Let | Cent(G)| = |{C G (x) : x ∈ G}|, that is the number of distinct centralizers in G. A group G is called an n-centralizer group if | Cent(G)| = n. The study of these groups was initiated by Belcastro and Sherman [7] in the year 1994. The readers may conf. [11] for various results on these groups. In this section, we compute various energies of the commuting graphs of non-abelian n-centralizer finite groups for some positive integer n. We begin with the following result.
Theorem 3.1. If G is a finite 4-centralizer group, then
Proof. Let G be a finite 4-centralizer group. Then, by [7, Theorem 2], we have
by Theorem 2.2, the result follows.
Further, we have the following result. Proof. Let G be a finite (p + 2)-centralizer p-group. Then, by [5, Lemma 2.7], we have
Therefore, by Theorem 2.2, the result follows. , otherwise. This completes the proof.
Let G be a finite group. The commutativity degree of G is given by the ratio Pr(G) = |{(x, y) ∈ G × G : xy = yx}| |G| 2 .
The origin of the commutativity degree of a finite group lies in a paper of Erdös and Turán (see [16] ). Readers may conf. [8, 9, 23] for various results on Pr(G). In the following few results we shall compute various energies of the commuting graphs of finite non-abelian groups G such that Pr(G) = r for some rational number r. As a corollary we have Corollary 3.5. Let G be a finite group such that Pr(G) = This completes the proof.
